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AbstractThe low velocity impact response of torsion stiff composite pretwisted conical shells is portrayed in the present study. 
The formulation is based on Mindlin’s theory incorporating rotary inertia and effects of transverse shear deformation. An eight 
noded isoparametric plate bending element is employed to satisfy the compatibility of deformation and equilibrium of resultant 
forces and moments at the delamination crack front. A multipoint constraint algorithm is incorporated which leads to 
unsymmetric stiffness matrices. The modified Hertzian contact law is employed to simulate the contact force and the time 
dependent equations are solved by Newmark’s time integration algorithm. Parametric studies are conducted with respect to 
triggering parameters like twist angle, target displacement, initial velocity of striker considering low velocity centrally impacted 
spherical mass.  
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1. Introduction 
The impact problem has immense significance which has put forth an uncertain challenge. In real life situation, 
impact phenomena are significant by virtue of its application. It is therefore, important to investigate the effect of 
impact motivated by practical situations encountered in the aerospace, marine, automotive and other industries 
wherein the composite materials are extensively employed. Composite materials are extensively used not only due to 
their high strength and stiffness but also for the provision of tailoring of material properties and cost effectiveness in 
weight sensitive applications. Among the wide spectrum of advantages, the threat of composites is low through the 
thickness strength due to weakness in transverse shear deformation. The collision of a foreign object like a bird or a 
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hail-stone on the body of an aircraft is very common during landing and takeoff as well as level flight. The 
pioneering investigation on twisted composite plates was conducted by Qatu and Leissa [1] to obtain natural 
frequencies of stationary plates using Ritz method. Sun and Chen [2] studied the impact response of initially stressed 
laminate using two dimensional finite element analysis and reported the effects of impactor velocity, impactor mass 
and the initial stress on the impact response of the laminate. Karmakar and Kishimoto [3] undertook a transient 
dynamic finite element analysis to investigate the response characteristics of centrally impacted delaminated 
composite pretwisted rotating cylindrical shells due to low velocity impact. The failure analysis of composite plate 
due to bending and impact was numerically investigated by Parhi et al. [4] using finite element method. 
 
 
 
Fig. 1. Geometry of conical shell 
 
 
Nomenclature 
Rx , Ry  radius of curvature in x-direction and y-direction, respectively 
Rxy radius of twist 
Ψ                       twist angle 
ρ, υ mass density and Poisson’s ratio 
L, bo length and reference width, respectively 
h, a        thickness and crack length 
d            distance of centreline of delamination from fixed end 
θv, θo vertex angle and base subtended angle of cone, respectively 
[M]        global mass matrix 
[K]         elastic stiffness matrix 
[Kσ]       geometric stiffness matrix 
{F}                       force vector 
{δ}          global displacement matrix 
Fc  contact force 
mi,w΄΄i  mass and acceleration of impactor 
∆t  time step 
L/s  aspect ratio 
k  contact stiffness 
α  local indentation 
n, nd                     number of layer and number of delamination, respectively 
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Pretwisted composite shallow conical shell could be idealized as turbomachinery blade. The present work is 
aimed at investigating the effects of delamination on low velocity impact response of torsion stiff composite 
pretwisted composite shallow conical shells. Torsion stiff [(45°/-45°/45°/-45°)s] configuration represents the 
laminate which is attributes to high stiffness in torsional mode. To satisfy the compatibility of deformation and 
equilibrium of resultant forces and moments at the delamination crack front, a multipoint constraint algorithm [5] is 
incorporated. The modified Hertzian contact law which accounts for permanent indentation is utilized to compute 
the contact force, and the time dependent equations are solved by Newmark’s integration scheme [6]. 
2. Governing Equations 
    The governing equations are derived based on Mindlin’s Theory incorporating rotary inertia, transverse shear 
deformation and modified Hertzian contact law. A shallow shell is characterized by its middle surface and is defined 
by the equation [7],   
 221
22
xy yx
z R R Rx xy y   ª º¬ ¼  (1)  
The radius of twist (Rxy), length (L) of shell and twist angle (Ψ) are related as,   
 
tan
L
Rxy
\    (2)  
The dynamic equilibrium equation for moderate rotational speeds neglecting Coriolis effect is derived employing 
Lagrange’s equation of motion and equation in global form expressed as [8], 
 
 [M] {δ́΄΄} + ([K] + [Kσ]) {δ} = {F} (3)  
 
where {F} is force vector and {δ} is global displacement vector. [Kσ] depends on initial stress distribution and is 
obtained by iterative procedure upon solving [9], 
 ([K] + [Kσ]) {δ} = {F(Ω2)} (4)  
 
For the impact problem, {F} is given as 
 {F} = {0 0 0……..FC ……..0 0 0}T (5)  
 
where FC is the contact force and the equation of motion of the rigid impactor is obtained as [2], 
 
 mi  w΄΄i + FC =0 (6)  
 
 
Fig. 2. Plate elements at a delamination crack tip [5] 
3. Contact force 
    The contact force is assumed to be a point load and impact surface of the impactor is considered to be spherical. 
During loading the contact force can be evaluated as [2] 
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 FC = k α1.5,             0 <  α  d  αm (7)  
 
where α is the local indentation i.e., change in distance between centre of the impactor and the mid-surface of target 
shell and k is the contact stiffness. The modified contact stiffness of the Hertzian contact theory [10] proposed as, 
 
2
4 1
3 [(1 ) / 1/ ]i i i yy
k R
E EX    
(8)  
WhereRi, υi and Ei are the radius, Poisson’s ratio and Young’s modulus of elasticity of the impactor, respectively and 
Eyy is the modulus of elasticity of the uppermost composite ply in the direction transverse to the fibres. Upon 
unloading and loading, the contact forces are simulated by the following relation 
5/2 3/2[ ] [ ]F Fo oF and Fc m c mm o m o
D D D D
D D D D
      
(9)  
WhereFm is the maximum contact force at the beginning of unloading and αm is the maximum indentation during 
loading. The permanent indentation ( oD ) in a loading-unloading cycle is determined as (Sun and Chen, 1985) 
oD =0                             when mD < crD , and  
oD = cE ( mD - crD )          when m crD Dt  
(10)  
 
Where βc is a constant and αcr is the critical indentation beyond which permanent indentation occurs, and the 
respective values are 0.094 and 1.667 × 10−2cm for graphite-epoxy composite [2]. For impact the local indentation is 
formulated as [11], 
 α(t) = wi(t) − wp (xc, yc, t) Cos\  (11)  
 
Where wi and wp are displacement of impactor and target plate displacement along global z direction at the impact 
point (xc, yc), respectively. Here \ is the angle of twist. The components of force at the impact point in global 
directions are given by 
 Fix =0,     Fiy = FC Sin\   and   Fiz = FC Cos\  (12)  
 
4. Results and discussion 
The results obtained from the computer codes developed on the basis of present finite element modelling are 
validated with those in the open literature both in respect of impact and delamination model. In Figure 3(a), the time 
histories of contact force are validated for ten layered symmetrically laminated cross ply ([0°/90°/0°/90°/0°]S) 
composite plate under simply supported boundary condition as analysed by Sun and Chen [2] using finite element 
method, while Figure 3(b) presents variation of natural frequencies of composite cantilever beam with relative 
position of the delamination as computed by Krawczuk et al. [12].  Present FEM employed an eight noded 
isoparametric plate bending element with optimal time step of 1.0 μ-sec. 
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  (a)                                         (b)                                         
 
Fig. 3. (a) Time history of contact force for centrally impacted cross-ply ([0°/90°/0°/90°/0°]s) composite plate under simply supported condition 
with laminate dimension of 20 cm x 20 cm x 0.269 cm, mass density of impactor=7.96 x 10-5 N-sec2/cm4, time step=1.0 μ-sec, E1=120 GPa, 
E2=7.9 GPa, Ei=210 GPa, G12=G23=G13=5.5 GPa, ρ=1580 kg/m3, νi=ν12=0.3, velocity of impactor=3 m/s [2] (b) Relative position of delamination 
on first natural frequency of composite cantilever beam [12] 
4.1 Transient response 
Parametric studies are conducted for eight-layered mid-plane delaminated graphite-epoxy torsion stiff composite 
pretwisted conical shells subjected to low velocity impact at the centre. The effect of twist and number of 
delamination on contact force histories for torsion stiff composite conical shells is furnished in Figure 4 wherein 
mid-plane delamination is considered with relative position of its centre line being 0.25 from the fixed end. Transient 
response is obtained for untwisted (Ψ=0°) and twisted (Ψ=30°) mid-plane delaminated torsion stiff composite 
conical shells. The contact durationis found to be minimum for undelaminatedtorsion stiff composite shallow conical 
shells. In general, the peak value of contact force is found to increase with the rise of twist angle and maximum 
contact force of untwisted case is found lower than that of twisted one. The contact duration is found to reduce as the 
degree of delamination increases irrespective of twist angle. Hence, it can be inferred that number of delamination 
has significant effect on stiffness of the torsion stiff composite conical shells.    
 
  
(a) (b) 
Fig. 4. Variation of contact force with respect to time for (a) Untwisted and (b) Twisted graphite-epoxy torsion stiff composite pretwisted conical 
shells under delamination considering ∆t=1.0 μ-sec, E1=120 GPa, E2=7.9 GPa, Ei=210 GPa, G12=G23=G13=5.5 GPa, ρ=1580 kg/m3, νi=ν12=0.3, 
VOI=5 m/s, h=0.005 m, n=8, L/s=0.7, a/L=0.25, d/L=0.5, θo=45°, θv =20°. 
   
(a) (b) 
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(c) (d) 
Fig. 5. Effect of initial velocity of striker on time histories of (a,b) contact force (c,d) deflection/thickness for delaminated graphite-epoxy torsion 
stiff composite pretwisted conical shells considering ∆t=1.0 μ-sec, E1=120 GPa, E2=7.9 GPa, Ei=210 GPa, G12=G23=G13=5.5 GPa, ρ=1580 kg/m3, 
νi=ν12=0.3, VOI=5 m/s, h=0.005 m, n=8, nd=4, L/s=0.7, a/L=0.25, d/L=0.5, θo=45°, θv =20°. 
4.2 Effect of initial velocity of impactor 
      The striker’s velocity has significant effect on transient dynamic response of delaminated composite conical 
shells as furnished in Figure 5. In general, for a particular laminate configuration and velocity of impactor, the 
maximum contact force for twisted cases is found to be higher than respective untwisted cases. The peak value of 
contact force increases with the increase of initial velocity of the impactor. This corroborates with the findings of 
Sun and Chen [2]. In general, the deflection/thickness shows slight linear increment with respect to time during the 
loading-unloading cycle and immediately after completion of contact duration, it increases with higher slope. During 
loading-unloading cycle, it is also found that the slope of the deflection/thickness curve is directly proportional to 
initial velocities of impactor. For a particular velocity of the impactor, the peak value of contact force is identified 
for VOI=10 m/sec, followed by VOI=5 m/sec, trailed by VOI=3 m/sec for both twisted and untwisted cases. 
Likewise, the slope of both deflection/thickness in both twisted and untwisted cases are identified to be maximum 
value for VOI=10 m/sec and the minimum value for VOI=3 m/sec while VOI=5 m/sec is obtained as the 
intermediate value.  
 
5. Conclusions 
The computer codes based on the present formulation is validated with the results published in open literature and 
hence, this can be applied to analyze the dynamic analysis for any laminate configuration. In general, the peak value 
of contact force is found to increase with increase of angle of twist. The peak value of contact force of delaminated 
torsion stiff composite conical shell is found to reduce with increase of number of delamination. As the velocity of 
impactor increases, the maximum contact force is also found to increase irrespective of to twist angle and number of 
delamination. The slope of deflection/thickness with respect to time in both twisted and untwisted cases are found to 
increase with initial velocity of impactor. 
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